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Abstract
We show that the full automorphism group of a circulant digraph of square-free order is either the
intersection of two 2-closed groups, each of which is the wreath product of 2-closed groups of smaller
degree, or contains a transitive normal subgroup which is the direct product of two 2-closed groups
of smaller degree.
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The work in this paper makes contributions to the solutions of two problems in graph
theory. The most general, known as the König problem, asks for a concrete characterization
of all automorphism groups of graphs. While it is known that every group is isomorphic to
the automorphism group of a graph [14], determining the concrete characterization seems
intractable. Thus, the natural approach is to consider either certain classes of graphs, or
certain classes of groups. The second problem considered in this paper was posed by Elspas
and Turner [13], when they asked for a polynomial time algorithm to calculate the full
automorphism group of a circulant graph. (Note that it is unclear if a polynomial time
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algorithm exists.) That is, they essentially asked for an efﬁcient solution to the König
problem restricted to the class of graphs consisting of circulant graphs. In this paper, we
will consider the class of circulant graphs of square-free order. We will show that the full
automorphism group of a circulant digraph of square-free order is either the intersection
of two 2-closed groups, each of which is the wreath product of 2-closed groups of smaller
degree, or contains a transitive normal subgroup which is the direct product of two 2-closed
groups of smaller degree. Several remarks are now in order. First, in the latter case, the
possible over groups of the direct product of the 2-closed groups of smaller degree are found
in this paper. Second, although this result in and of itself will not solve Elspas and Turner’s
original problem for circulant graphs of square-free order, we will show in a subsequent
paper [11] that a polynomial time algorithm to calculate the full automorphism group of a
circulant digraph of square-free order can be derived using this result. This algorithm is only
polynomial time provided that the prime power decomposition on the order of the graph
is known. Finally, several results have been previously obtained on Elspas and Turner’s
problem. The full automorphism groups of circulant digraphs of prime order [3] and [1],
prime-squared order [20] (see [12] for another proof of this result), odd prime power order
[21], and of a product of two distinct primes [20] have been obtained, and all of these results
lead to polynomial time algorithms.
As was pointed out by an anonymous referee, it may be possible to prove our main result
using the classiﬁcation of Schur rings over cyclic groups obtained by Leung andMa [22], or
the reﬁnement obtained byMuzychuk [25] for cyclic groups of square-free order.Thiswould
be a completely different approach to the problem, and would be of value in its own right.
The proofs of these results are presented in the four sections that follow. Section 1
includes preliminaries: primarily results from other sources that are used in this paper, and
deﬁnitions. Section 2 looks at the structure of actions on blocks. More speciﬁcally, it uses
results from the classiﬁcation of ﬁnite simple groups and the structure of speciﬁc groups
to prove Lemma 17, showing that faithful doubly-transitive nonsolvable actions on blocks
must be equivalent. In Section 3, under the hypothesis that a certain kind of block system
exists, we prove results about the structure of blocks that are minimal with respect to the
partial order deﬁned in the preliminaries. Finally, we use the results of Sections 2 and 3 to
establish the main results described above.
1. Preliminaries
All groups and graphs in this paper are ﬁnite. For permutation group terminology not
deﬁned in this paper, see [9], and for graph theory terminology, see [4].
Deﬁnition 1. For any set , we will useS to denote the symmetric group acting on the
elements of the set , andA will deote the alternating group on this set. We will also use
Sn andAn to denote the symmetric and alternating groups (respectively) on an arbitrary
set of cardinality n.
Deﬁnition 2. Let S ⊂ Zn such that 0 /∈ S. We deﬁne a circulant digraph = (Zn, S) by
V () = Zn and E() = {ij : i − j ∈ S}. If S = −S, then (Zn, S) is a circulant graph.
E. Dobson, J. Morris / Discrete Mathematics 299 (2005) 79–98 81
Note that the function x → x+ 1 is contained in Aut(), the automorphism group of , so
that Aut() is a transitive group.
While we are motivated by the problem of ﬁnding the full automorphism group of a
circulant digraph, our results hold for a (perhaps) larger class of groups, which we now
deﬁne.
Deﬁnition 3. Let be a set andGS be transitive. LetG act on× by g(1,2)=
(g(1), g(2)) for every g ∈ G and 1,2 ∈ . We deﬁne the 2-closure of G, denoted
G(2), to be the largest subgroup of S whose orbits on  ×  are the same as G’s. Let
O1, . . . ,Or be the orbits ofG acting on×. Deﬁne digraphs1, . . . ,r byV (i )= and
E(i )=Oi . Each i , 1 ir , is an orbital digraph of G, and it is straightforward to show
thatG(2)=∩ri=1 Aut(i ). Note thatB is a complete block system of G if and only ifB is a
complete block system of G(2). A vertex-transitive graph is a graph whose automorphism
group acts transitively on the vertices of the graph. Clearly, the automorphism group of a
vertex-transitive graph or digraph is 2-closed.
Deﬁnition 4. Let G be a transitive permutation group of degree mk that admits a complete
block systemB ofm blocks of size k. If g ∈ G, then g permutes them blocks ofB and hence
induces a permutation inSm, which we denote by g/B.We deﬁneG/B={g/B : g ∈ G}.
Let ﬁxG(B)= {g ∈ G : g(B)= B for every B ∈ B}.
Deﬁnition 5. IfGAut(), for some vertex-transitive graph , deﬁne a graph /B with
vertex set V (/B)=B and edge set
E(/B)=
{
(B, B ′) : some vertex of B is adjacent
to some vertex of B ′, B = B ′
}
.
We observe that G/BAut(/B).
The following is a standard construction for obtaining vertex-transitive digraphs of larger
order from vertex-transitive digraphs of smaller order.
Deﬁnition 6. Let 1 and 2 be vertex-transitive digraphs. Let
E = {((x, x′), (y, y′)) : xy ∈ E(1), x′, y′ ∈ V (2) or x = y and x′y′ ∈ E(2)}.
Deﬁne thewreath (or lexicographic) product of1 and2, denoted1 2, to be the digraph
such that V (1  2) = V (1) × V (2) and E(1  2) = E. We remark that the wreath
product of a circulant digraph of order m and a circulant digraph of order n is circulant.
Deﬁnition 7. Let G and H be groups acting on X andY, respectively. We deﬁne the wreath
product of X andY, denotedG H , to be the permutation group that acts onX×Y consisting
of all permutations of the form (x, y) → (g(x), hx(y)), where g ∈ G and hx ∈ H .
Clearly, Aut(1) Aut(2)Aut(1 2). For information about the converse, see [27].
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Much of our proof exploits the fact that ifG is a transitive permutation group that contains
a regular cyclic subgroupR, then every block system ofG is formed by the orbits of a normal
subgroup of R (see, for example, [29, Exercise 6.5]). As inclusion induces a natural partial
order on the subgroups of a cyclic group, we have a natural partial order on the block systems
of R.
Deﬁnition 8. Let X be the set of all possible complete block systems of (Zn)L. Deﬁne a
partial order on X byB  C if and only if every block of C is a union of blocks ofB.
Although this partial order depends on the value of n, for the purposes of this paper we
will be using assuming that n is predetermined, so we can write ≺ in place of the more
general ≺n.
The following is not necessarily the usual deﬁnition of equivalent representations, but is
equivalent (see [9, Theorem 1.6B]).
Deﬁnition 9. Let G act transitively on the sets  and , and let H be the stabilizer of a
point in the ﬁrst action. We say the actions are equivalent if H is also the stabilizer of some
point in the second action.
With these deﬁnitions in hand, we state some results from other publications that will be
used in this paper.
Theorem 10 ([15, Theorem 1.49]). If H is a nonsolvable doubly transitive permutation
group of degree m that contains an m-cycle, then one of the following holds:
(i) HAm orSm;
(ii) m= 11 and H = PSL2(11) orM11;
(iii) m= 23 and HM23;
(iv) m= (qd − 1)/(q − 1) for some prime power q and H is isomorphic to a subgroup of
PLd(q) containing PSLd(q).
Theorem 11 (cf. Burnside [9, Theorem 3.5B]). Let G be a transitive group of prime degree
p. Then either G is nonsolvable and doubly transitive or we may relabel the set upon which
G acts with elements of Fp so that GAGL(1, p)= {x → ax + b : a ∈ F∗p, b ∈ Fp}.
Deﬁnition 12. Let G be a permutation group acting on the set  and B ⊆  either a block
of G or a union of orbits of G. Then for any g ∈ G and any x ∈ , g|B(x)= g(x) if x ∈ B
and g|B(x)= x if x /∈B.
LetG be a transitive permutation group that admits a complete block systemB ofm blocks
of size k, where B is formed by the orbits of some normal subgroup NG. Furthermore,
assume that ﬁxG(B)|B is primitive for every B ∈ B, and that ﬁxG(B) on some B is not
faithful. (Since the actions of this group on the blocks ofB are conjugate in G, ﬁxG(B) is
therefore not faithful on any B ∈ B). Deﬁne an equivalence relation ≡ onB by B ≡ B ′ if
and only if the subgroups of ﬁxG(B) that ﬁxB andB ′, point-wise respectively, are equal.We
denote these subgroups by ﬁxG(B)B and ﬁxG(B)B ′ , respectively. Denote the equivalence
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classes of ≡ by C0, . . . , Ca and let Ei =∪B∈Ci B. The following result was proven in [10]
in the case where k = p. It is straightforward to generalize this result to k being composite
provided that ﬁxG(B)|B is primitive for every B ∈ B and the action of ﬁxG(B) is not
faithful.
Lemma 13 (Dobson, [10]). Let X be a vertex-transitive digraph for which GAut( X)
as above. Then ﬁxG(B)|EiAut( X) for every 0 ia. Furthermore, {Ei : 0 ia} is a
complete block system of G.
As the 2-closure of a group G is equal to the intersection of the automorphism groups of
the orbital digraphs of G, we have the following.
Lemma 14. LetGbea transitive groupasabove.ThenﬁxG(B)|EiG(2) for every0 ia.
Furthermore, {Ei : 0 ia} is a complete block system of G.
Lemma 15 (Kalužnin and Klin, [19]). For permutation groupsGSX andHSY , the
following hold:
(1) Let G×H act canonically on X × Y . Then (G×H)(2) =G(2) ×H(2),
(2) Let G H act canonically on X × Y . Then (G H)(2) =G(2) H(2).
To conclude our preliminary section, we give a short result that will be used repeatedly
in later sections of this paper. This result is an immediate consequence of Proposition 3.5
of [26], but as the direct proof is short, we include it for completeness.
Lemma 16. Let GSmk contain a regular cyclic subgroup 〈〉. Assume that G admits a
complete block system B of m blocks of size k formed by the orbits of 〈m〉. Furthermore,
assume that ﬁxG(B)|B admits a complete block system of r blocks of size s formed by the
orbits of 〈mr 〉|B for some B ∈ B (rs = k). Then G admits a complete block system C of
mr blocks of size s formed by the orbits of 〈mr 〉.
Proof. If ﬁxG(B)|B admits a complete block systemCB of r blocks of size s formed by the
orbits of 〈mr 〉|B for some B ∈ B, then g(CB) is a complete block system of ﬁxG(B)|B ′ ,
where g(B)= B ′. As 〈m〉|B ′ﬁxG(B)|B ′ , every complete block system of ﬁxG(B)|B ′ is
formed by the orbits of 〈ma〉|B ′ for some a ∈ Zk . As for every divisor d of k, there is a
unique subgroup of 〈m〉|B ′ of order d, we conclude that the blocks of g(CB) are the orbits
of 〈mr 〉|B ′ . Hence for every B ∈ B, the orbits of 〈mr 〉|B form a complete block system
CB of ﬁxG(B)|B . But then if g ∈ G, then g(CB)=CB ′ for some B ′ so that C=∪B∈BCB
is a complete block system of G. 
2. Faithful doubly-transitive nonsolvable actions are equivalent
In this section, we consider a transitive permutation group G that contains a regular
cyclic subgroup and admits a complete block systemB. We hypothesize that ﬁxG(B) acts
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faithfully on each block B ∈ B, and that ﬁxG(B)|B is doubly transitive and nonsolvable
for every B ∈ B. We use results from the classiﬁcation of ﬁnite simple groups to determine
speciﬁc permutation groups that may satisfy these hypotheses, and establish the structure
we need on each of these speciﬁc permutation groups.
We begin this section with the statement and proof of its main result, even though the
proof cites the subsequent results on speciﬁc groups. In this way, we are able to demonstrate
clearly the motivation for the results on speciﬁc groups that follow.
Lemma 17. Let GSmk admit a complete block system B of m blocks of size k, and
contain a regular cyclic subgroup 〈〉. Assume that ﬁxG(B) acts faithfully on B ∈ B and
that ﬁxG(B)|B is doubly transitive and nonsolvable for every B ∈ B. Then ﬁxG(B)|B is
equivalent to ﬁxG(B)|B ′ for every B,B ′ ∈ B.
Proof. Let H = 〈ﬁxG(B),〉. Then ﬁxH (B) = ﬁxG(B). Let B ∈ B. Perusing the list of
doubly transitive groups given in [6, Theorem 5.3], we have (assuming towards a contra-
diction that there exist B1, B2 such that ﬁxG(B)|B1 is not equivalent to ﬁxG(B)|B2 ) that
since ﬁxH (B)|B has more than one representation, it has exactly two representations. De-
ﬁne an equivalence relation ≡ on the elements permuted by Smk by i ≡ j if and only
if StabﬁxH (B)(i) = StabﬁxH (B)(j). As ﬁxH (B)|B has two representations, there are m/2
elements in each equivalence class of ≡ and theseequivalence classes of ≡ form a com-
plete block system C of 2k blocks of size m/2 formed by the orbits of 〈2k〉. Then H/C
admits a complete block system D of 2 blocks of size k formed by the orbits of 〈2〉/C.
Let D = {D1,D2}. Furthermore, ﬁxH/C(D)|D1 is doubly transitive and nonsolvable and
ﬁxH/C(D)|D1 is not equivalent to ﬁxH/C(D)|D2 .
As  ∈ H , ﬁxH/C(D)|D1 contains a k-cycle. Hence ﬁxH/C(D)|D1 contains a k-cycle and
has two representations. By Theorem 10 and [6, Theorem 5.3], we need only consider the
cases where soc(ﬁxH/C(D)|D1)A6 (k= 6), PSLd(q) (k= (qd − 1)/(q− 1) and d > 2),
or PSL2(11) (with k = 11). If k = 6 and soc(ﬁxH/C(D)|D1)A6, then as ﬁxH/C(D)|D1
contains a 6-cycle, ﬁxH/C(D)|D1S6, contradicting Lemma 18 (stated and proven later).
If k= (qd − 1)/(q − 1) and soc(ﬁxH/C(D)|D1)PSLd(q), then by Proposition 20 (stated
and proven later) H/C does not contain a 2k-cycle, a contradiction. Finally, if k = 11 and
soc(ﬁxH/C(D)|D1)PSL2(11), then by Lemma 19 (stated and proven later), H/C does
not contains a 2k-cycle, a contradiction. 
Lemma 18. Let GS12 admit a complete block system B of 2 blocks of size 6. Let
B = {B1, B2}. Assume that ﬁxG(B) acts faithfully on B ∈ B and that ﬁxG(B)S6 but
ﬁxG(B)|B1 is not equivalent to ﬁxG(B)|B2 . Then G does not contain a 12-cycle.
Proof. Assume that G contains a 12-cycle, 〈〉. Then B is formed by the orbits of 〈2〉
and 2 ∈ ﬁxG(B). Then conjugation by  induces an automorphism  from ﬁxG(B)|B1 to
ﬁxG(B)|B2 . As ﬁxG(B)|B1 is not equivalent to ﬁxG(B)|B2 ,  is an outer automorphism of
S6.
The groupS6 has two kinds of elements of order 3: (a) 3-cycles, and (b) the product of
two disjoint 3-cycles. Any element of type (b) is the square of a 6-cycle, but no element of
type (a) is the square of a 6-cycle. It is well-known that there is an outer automorphism of
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S6 that interchanges type (a) and type (b) (cf. [28], 11.4.3, pp. 310–311). Thus, this outer
automorphism cannot take any 6-cycle to another 6-cycle.
However, modulo inner automorphisms, there is only one outer automorphism of S6.
Hence, as  is an outer automorphism ofS6, (2|B1) is not a 6-cycle so that −12 /∈ 〈〉,
a contradiction. 
Lemma 19. Suppose G admits a complete block system B = {B1, B2} of 2 blocks of size
11. Assume that K = ﬁxG(B), that K|B is doubly-transitive for each B ∈ B, and that
soc(K)PSL2(11). Assume G has a transitive, cyclic subgroup 〈〉. Then the action of
K|B1 is equivalent to the action of K|B2 .
Proof. Without loss of generality, assume that soc(K)= PSL2(11). We want to show that
if x ∈ B1, there is some y ∈ B2 for which StabK(x)= StabK(y).
Deﬁne f : K → K by f (k)=−1k. Then f is an automorphism ofK, so it is well-known
that there is some a ∈ PGL2(11) for which f (k)= a−1ka for all k ∈ K (cf. [7, p. 7], or the
on-line version [8]). Let P = 〈2〉, a Sylow 11-subgroup of K. Then  centralizes P, so a is
in the centralizer in PGL2(11) of P, which is P. This means there is some 2i ∈ P , such that
a=2i . Hence f (k)=−1k=a−1ka=−2ik2i for all k ∈ K . Thus, 2i−1k1−2i=k for
every k ∈ K . So we have StabK(x)=2i−1StabK(x)1−2i=StabK(2i−1(x)), completing
the proof with y = 2i−1(x). 
The last result of this section deals with the group PSLd(q) with d3. This result
was initially proven by Dr. Dave Witte (now Dave Witte Morris), to assist us with this
work. Thanks are due to him and to an anonymous referee, whose suggestions signiﬁcantly
shortened the proof.
Note 1. In the proposition that follows, if V is a vector space, then P(V ) is used to denote
the set of all one-dimensional subspaces of the vector space. Also, if V has dimension d,
thenH(V ) is used to denote the set of all d − 1-dimensional subspaces of V .
Proposition 20. Let HS2k admit a complete block system B consisting of 2 blocks of
size k. Assume ﬁxH (B) acts faithfully on B ∈ B and soc(ﬁxH (B))PSLd(q), where
d > 2, q is a prime power, and k = (qd − 1)/(q − 1). Let B = {B1, B2}. If ﬁxH (B)|B1 is
not equivalent to ﬁxH (B)|B2 , then H does not contain a 2k-cycle.
Proof. Because the action of ﬁxH (B) on B1 is not equivalent to the action of ﬁxH (B) on
B2, one of the actions (say, the action onB1), must be isomorphic to the action of ﬁxH (B) on
P((Fq)
d); and the other action must be isomorphic to the action of ﬁxH (B) on H((Fq)d).
Therefore, without loss of generality, we identify the points of B1 with the elements of
P((Fq)
d), and the points of B2 with the elements ofH((Fq)d).We will consider the actions
of H and ﬁxH (B) on the complete bipartite graph  with bipartition sets B1 and B2.
Let 1 be the graph whose vertices are the elements of P((Fq)d) ∪ H((Fq)d), with
an edge between a point and a hyperplane if and only if the point is in the hyperplane.
Since soc(ﬁxH (B))PSLd(q), we have ﬁxH (B)PLd(q). So ﬁxH (B) preserves the
incidence relation between points and hyperplanes, and hence ﬁxH (B)Aut(1). In fact,
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it is straightforward to see that PSLd(q), and therefore ﬁxH (B), acts transitively on the
edges of 1. So the edges of 1 form an orbit of the action of ﬁxH (B) on pairs from
P((Fq)
d) × H((Fq)d). Likewise, the non-edges of 1 that do not lie within either set
of the bipartition, form an orbit (the only other orbit) of the action of ﬁxH (B) on pairs
from P((Fq)d) × H((Fq)d). Let 2 be the bipartite graph with V (2) = V () and edge
set the non-edges of 1 that do not lie within either set of the bipartition. Notice that
the number of edges of 1 is k(qd−1 − 1)/(q − 1), which is therefore the length of the
ﬁrst of these orbits, while number of edges of 2 is k(qd − qd−1)/(q − 1). Since q2,
qd −qd−1=qd−1(q−1)qd−1>qd−1−1, so the second orbit of ﬁxH (B) is longer than
the ﬁrst.
As ﬁxH (B)H , and ﬁxH (B) has exactly two orbits in its action on the edges of , H
has either two orbits or one orbit in its action on the edges of 1. As ﬁxH (B)H , by [9,
Exercise 1.4.6], if H is transitive on the edges (that is, has one orbit) of , then there exists
h ∈ H such that h(1)=2. However, 2 has more edges than 1, so no such h can exist.
Thus H has exactly two orbits in its action on the edges of , which are also the orbits of
ﬁxH (B) acting on the edges of . Thus HAut(1).
Now, since PSLd(q)ﬁxH (B), it is straightforward to verify that ﬁxH (B) acts transi-
tively on the set of triples
{(l, h,m) ∈ P((Fq)d)×H((Fq)d)× P((Fq)d)|l = m; (l, h), (m, h) edges of 1}
and on the dual set of triples
{(l, h,m) ∈ H((Fq)d)× P((Fq)d)×H((Fq)d)|l = m; (l, h), (m, h) edges of 1};
these two sets together form the 2-arcs of 1. Now, towards a contradiction, suppose that
H does contain a 2k-cycle. Then H has elements that interchange B1 and B2, and therefore
interchange these sets of triples, so 1 is a 2-arc-transitive graph. In fact, since H contains
a 2k-cycle, 1 is a 2-arc-transitive circulant graph.
However, 2-arc-transitive circulant graphs have been characterized in [2], and fall into
four categories: complete graphs, cycles, complete bipartite graphs, and complete bipartite
graphs minus a one-factor. Our graph 1 is bipartite with degree (qd−1 − 1)/(q − 1) on
2(qd − 1)/(q − 1) vertices; simple calculations show that this does not fall into any of the
given categories. This is the desired contradiction. 
3. The structure of minimal blocks
We now wish to prove a lemma which will be a crucial tool. If a block system with
particular characteristics exists and consists ofmore thanoneblock, this lemmawill establish
that there is a complete block system of G, minimal with respect to our partial order, upon
which we know something about the action ofG or its 2-closure.As the proof of this lemma
is quite long, the proof will be broken down into a sequence of lemmas. We now develop
the notation and hypotheses which will be used throughout this section.
Hypothesis 21. Let k and m be integers such that km is square-free. Let GSkm be
a transitive permutation group that contains a regular cyclic subgroup 〈〉 and admits a
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complete block systemB with m blocks of size k. We assume that
• ﬁxG(B) is of order k,
• ﬁxG(B)C(G) (the center of the group G), and
• there exists no complete block systemF  B such that ﬁxG(F) is semiregular.
These assumptions will hold throughout this section, and we will assume that all results
in this section satisfy the above hypothesis. Additionally, the following conditions will
sometimes be assumed and will be referred to as Conditions (1) and (2), respectively:
(1) there exists a complete block system D of G such that ﬁxG(D) is not of order |D|,
D ∈ D, and there exists no nontrivial complete block system E of G such that E ≺ D,
or
(2) there exists a prime p|k such that G(2) admits a complete block system D′ of mk/p
blocks of size p and p2 divides |ﬁxG(2) (D′)|.
The next few lemmas involve consideration of a complete block system C with C  B,
and C consists ofm/t blocks of size kt for some t |m. Therefore, until further notice, it will
be convenient to view Zmk as Zm/t × Zt × Zk with (x, y, z)= (x + 1, y + 1, z+ 1) (we
can assume this, since mk is square-free), where the complete block systems B and C are
given by B= {{(x, y, z) : x ∈ Zm/t , y ∈ Zt } : z ∈ Zk}, and C= {{(x, y, z) : x ∈ Zm/t } :
y ∈ Zt , z ∈ Zk}.
Lemma 22. Under Hypothesis 21, suppose that m> 1 and Condition (1) does not hold.
LetC be any complete block system of G withC  B that is minimal in the sense that there
is no complete block system C′ of G with B ≺ C′ ≺ C. Then (ﬁxG(C)|C)/B is doubly
transitive and nonsolvable.
Proof. Towards a contradiction, suppose that (ﬁxG(C)|C)/B is not doubly transitive, or is
solvable. If twere composite, then since (ﬁxG(C)|C)/B contains a regular cyclic subgroup
of order t and all cyclic groups of composite order are Burnside groups [29, Theorem
25.3], we would have (ﬁxG(C)|C)/B being doubly transitive. (The minimality ofCmeans
that(ﬁxG(C)|C)/B cannot be imprimitive.) By [18, Exercise 1, p. 169,], wemust have t=4,
a contradiction.
So t is prime, and by Theorem 11, (ﬁxG(C)|C)/BAGL(1, t). Let T be a Sylow
t-subgroup of ﬁxG(C) that contains 〈mk/t 〉. Now, (ﬁxG(C)|C)/B contains a unique Sy-
low t-subgroup, which must be (T |C)/B. Since ﬁxG(C)/B1Sm/t  AGL(1, t), this also
contains a unique Sylow t-subgroup, which must be T/B. So T/B is characteristic in
ﬁxG(C)/B, and is therefore normal in G/B. Now, since (k, t)= 1, ﬁxG(B) is centralized
by T (since ﬁxG(B) is central in G), and T/B is normal in G/B, we must have TG. So
the orbits of T form a complete block systemD′ of G.
We may also assume |ﬁxG(D′)| = t , since if this were not the case, Condition (1) would
follow, a contradiction (the blocks ofD′ have no nontrivial sub-blocks since t is prime). So
ﬁxG(D′)= 〈mk/t 〉. AsD′ is formed by the orbits of T, we thus have that T = ﬁxG(D′)=
〈mk/t 〉. We also can now conclude that 〈m/t 〉G.
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Since ﬁxG(C) is not cyclic (byHypothesis 21), theremust be some  ∈ ﬁxG(C) for which
/B /∈ T/B. Then we have (x, y, z) = (x, x(y) + ax,x(z) + bx), x ∈ Z∗t , ax ∈ Zt ,
x ∈ Z∗k , and bx ∈ Zk as  normalizes 〈m/t 〉. As 〈m〉 is in the center of G, we must have
that x=1 for every x ∈ Zm/t . Since ﬁxG(D′)=〈mk/t 〉G, conjugating mk/t by  shows
that x = ′x =  for any x, x′ ∈ Zm/t .
Choose i so thatitk(x, y, z)=(x+1, y, z) for every (x, y, z) ∈ Zm/t×Zt×Zk . Straight-
forward calculations show that −1−itkitk(x, y, z)=(x, y+−1(ax+1−ax), z+bx+1−
bx). Therefore, −1−itkitk/B ∈ T/B (the unique Sylow t-subgroup of ﬁxG(C)/B).
Since T = ﬁxG(D′) has order t, T/B has order t, and as mk/t /B ∈ T/B, we must have
that ax+1 − ax = c is constant for every x ∈ Zm/t . Then a1 = c + a0, ax+1 = c + ax so
that ax+1 = (x + 1)c+ a0. Hence a0 = (m/t)c+ a0. Since gcd(m/t, t)= 1, c= 0, and so
ax+1=ax =a is constant.Without loss of generality, since  ∈ G, we may assume that a is
0. Now since −1itkitk ∈ ﬁxG(B), bx+1−bx must be constant. Since (m/t, k)=1, this
constant must be 0, so bx+1 = bx = b is constant. Still without loss of generality because
of the presence of  in G, we may assume that b is 0. But now (x, y, z) = (x, y, z), so
 ∈ ﬁxG(D′)= 〈mk/t 〉, a contradiction. 
Lemma 23. Under Hypothesis 21, suppose that m> 1 and Condition (1) does not hold,
and let C be as in Lemma 22. Let L= {g−1mk/tg : g ∈ G} and H = 〈L〉. Then
(1) HG,
(2) the orbits of H have order k′t for some k′|k, k′ = 1,
(3) 〈m〉 ∩H = 1, and
(4) If h ∈ H has the form h(x, y, z)= (x,x(y), z+ bx,y) then∑t−1y=0 bx,y ≡ 0 (mod k)
for every x.
Proof. By Lemma 22, we have that (ﬁxG(C)|C)/B is a doubly-transitive nonsolvable
group. Note that every element of L has order t.
1. Any ϑ ∈ H must be of the form ϑ = a11 a22 · · · a,, , where ai ∈ Zt and i ∈ L for
i = 1, . . . , ,. For any g ∈ G we then have
g−1ϑg = g−1a11 a22 · · · a,, g
= (g−11g)a1(g−12g)a2 · · · (g−1,g)a, .
As i ∈ L, we have i = g−1i kr/tgi for some gi ∈ G. Hence
g−1ig = (gig)−1kr/t (gig) ∈ L
and g−1ϑg ∈ H . Therefore HG.
3 and 4. Since mk/t ∈ ﬁxG(C) and ﬁxG(C)G, we have that HﬁxG(C). As H
ﬁxG(C), any  ∈ L acts as (x, y, z) = (x, 	x(y), z + dx,y) where 	x ∈ St is of order
t and dx,y ∈ Zk for every x ∈ Zm/t and y ∈ Zt . Since || = t and gcd(m, k) = 1, we
have that
∑
y∈Zt dx,y ≡ 0 (mod k) for every x ∈ Zm/t . Therefore every ϑ ∈ H , since it is
of the form a11 
a2
2 · · · a,, for 1, 1, . . . , , ∈ L, acts as ϑ(x, y, z) = (x, 
x(y), z + ex,y),
where
∑
y∈Zt ex,y ≡ 0 (mod k) for every x ∈ Zm/t . It is now clear that 〈m〉 ∩ H = 1 as
m(x, y, z)= (x, y, z+m) and∑ti=1m /≡ 0 (mod k) as gcd(m, k)= 1.
E. Dobson, J. Morris / Discrete Mathematics 299 (2005) 79–98 89
2. The orbits of H have length k′t for some k′|k. Suppose that k′ = 1. If |H | = t then
H=〈mk/t 〉G, so (〈mk/t 〉|C)/B(ﬁxG(C)|C)/B, forcing (ﬁxG(C)|C)/BAGL(1, t),
which is solvable, a contradiction. So |H |> t . Now, the orbits of H form a nontrivial block
system D of G (since HG), and since Condition (1) does not hold, there must be a
nontrivial block systemD′ ofGwithD′ ≺ D. But this is not possible since (ﬁxG(C)|C)/B
is doubly transitive. This contradiction shows that we must have k′ = 1. 
Lemma 24. Under Hypothesis 21, suppose that m> 1 and Condition (1) does not hold,
and let C be as in Lemma 22, and H as in Lemma 23. For each prime p|k′, there exists
h= hp ∈ H such that h(x, y, z)= (x,x(y), z+ bx,y) and for some x∗ ∈ Zm/t and some
y∗ ∈ Zt , x∗(y∗) = y∗ and bx∗,y∗ ≡ 1 (mod p). Furthermore, h satisﬁes the following
additional properties:
(1) |h| is a power of p,
(2) ∑y∈O bx,y ≡ 0 (mod p) for every non-singleton orbit O of x ,
(3) h|Cx∗ /B has at least two ﬁxed points,
(4) there is at least one bx∗,,∗ /≡ 1 (mod p) and x∗(,∗)= ,∗, and
(5) h ﬁxes some block ofB contained in any block of C.
Proof. Since the orbits of H have length k′t and H admits B as a complete block system,
for any chosen block B ∈ B, StabH (B), the set-wise stabilizer of the block B, is transitive
on each orbit of 〈mk/k′ 〉|B . Let p|k′ be prime.As |B|=k, for each blockB ∈ B there exists
h ∈ H such that h|B is of order p, and so is cyclic and semiregular (semiregularity follows
from the fact that m is in the center of G). That is, for every x∗ ∈ Zm/t and every y∗ ∈ Zt
there exists h ∈ H such that h(x, y, z)=(x,x(y), z+bx,y)with x∗(y∗)=y∗ and bx∗,y∗ ≡
1 (mod p). This then implies that p divides |h|. By raising h to an appropriate power
relatively prime to p, we may assume without loss of generality that h has order a power
of p (so that (1) holds). Note then that h/B = 1, as otherwise 1 = h ∈ ﬁxG(B) = 〈m〉,
but by Lemma 23, 〈m〉 ∩ H = 1. We may also assume that h is of minimal order while
preserving the property that x∗(y∗)= y∗ andbx∗,y∗ ≡ 1 (mod p) for some y∗ ∈ Zm/t and
y∗ ∈ Zt . Fix these x∗, y∗, and h.
(2) Choose any x ∈ Zm/t and letO be a non-singleton orbit of x . Letp, be themaximum
length of the orbits of x for all x ∈ Zm/t . If O is an orbit of x of length p,, then hp, ∈
ﬁxH (B)={1}.We conclude that for such orbits∑y∈O bx,y ≡ 0 (mod p). IfO is an orbit of
x of length pr <p,, then hp
r
/B = 1. Now hpr acts as hpr (x, y, z)= (x,prx (y), z+cx,y)
for some cx,y ∈ Zk . If∑y∈O bx,y /≡ 0 (mod p), then for y ∈ O, prx (y) = y and cx,y /≡
0 (mod p). Hence some power of hpr relatively prime to p has all the properties required
of h but with smaller order, contradicting our choice of h. Thus
∑
y∈O bx,y ≡ 0 (mod p)
for every non-singleton orbit of x .
(3–5) As the order of h, and hence of each x , is a power of p, bx∗,y∗ ≡ 1 (mod p), and∑t−1
y=0 bx∗,y ≡ 0 (mod p), (by Lemma 23), h|Cx∗ /B must have at least two ﬁxed points.
Furthermore, there is at least one bx∗,,∗ /≡ 1 (mod p) and x∗(,∗)= ,∗, since p  t . Finally,
observe that h must ﬁx some block ofB contained in any block of C, again since p  t and
the length of any orbit of h is a power of p. 
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Lemma 25. Under Hypothesis 21, suppose that m> 1 and Conditions (1) and (2) do not
hold, and let C be as in Lemma 22. Then there is a complete block systemF  B of G,
consisting of t blocks of size mk/t , where each block is an orbit of 〈mk/t 〉.
Proof. By Lemma 22, we have that (ﬁxG(C)|C)/B is doubly transitive and nonsolvable
for each C ∈ C. Deﬁne H as in Lemma 23. By Lemma 23, HG, the orbits of H have
order k′t for some k′|k, k′ = 1, and 〈m〉 ∩H = 1. By Lemma 24, for each p|k′ there exists
h= hp ∈ H such that h(x, y, z)= (x,x(y), z+ bx,y) and for some x∗ ∈ Zm/t and some
y∗ ∈ Zt , x∗(y∗) = y∗ and bx∗,y∗ ≡ 1 (mod p). Furthermore, h satisﬁes the following
additional properties:
(1) |h| is a power of p,
(2) ∑y∈O bx,y ≡ 0 (mod p) for every non-singleton orbit O of x ,
(3) h|Cx∗ /B has at least two ﬁxed points,
(4) there is at least one bx∗,,∗ /≡ 1 (mod p) and x∗(,∗)= ,∗, and
(5) h ﬁxes some block ofB contained in any block of C.
For each x ∈ Zm/t deﬁne a homomorphism x : ﬁxG(C) →St by x(g)= (g|Cx )/B.
Deﬁne an equivalence relation ≡ on C by Cx1 ≡ Cx2 if and only if Ker(x1)/B =
Ker(x2)/B. As in the proof of Lemma 14, it is not difﬁcult to see that the unions of
the equivalence classes of≡ form a complete block system E of G. LetD′ be the complete
block system of G formed by the orbits of 〈mk/p〉 (these orbits are blocks of G because of
Lemma 16 and the fact that ﬁxG(B)= 〈m〉).
LetX be a circulant digraphwithGAut(X), and letG′Aut(X) be largest subgroup of
Aut(X) that admitsB,D′, and E as complete block systems. Note then thatG′ is 2-closed,
as any block systems of a group are also block systems of its 2-closure.With the help of the
automorphism h, we’ll show that either the desired block systemF exists, or mk/p|E ∈ G′.
The latter would imply that mk/p|E ∈ G(2), contradicting the fact that Condition (2) does
not hold.
First assume that there is more than one equivalence class of≡. Suppose there is an edge
e between E and Er , where E,Er ∈ E. Then there exist C,Cr ∈ C such that e is an edge
betweenC andCr . Then there existsD′,D′r ∈ D′ such that e is an edge betweenD′ andD′r .
We will show that every vertex ofD′ is adjacent to every vertex ofD′r . This will then imply
that mk/p|E ∈ G′ for every E ∈ E as required. Since 〈〉/E is regular, we may without
loss of generality, by replacing ewith a(e) for an appropriate a, assume thatD′ ⊆ Cx∗ (so
that C = Cx∗).
Recall that r has a ﬁxed point, so that h ﬁxes some block Br,n ∈ B. As bx∗,y∗ /≡
bx∗,,∗ (mod p), h has a ﬁxed block Bx∗,n∗ such that bx∗,n∗ /≡ br,n (mod p). By replacing e
with bm/t (e), for some appropriate b, we may also assume that D′ ⊆ Bx∗,n∗ . Note that as
bm/t ∈ ﬁxG(C), we still have thatC=Cx∗ .AsCx∗ /≡ Cr , we have that (Ker(x∗)|Cr )/B =
{1}.As Ker(x∗)ﬁxG(C) and (ﬁxG(C)|Cr )/B is primitive, we have that (Ker(x∗)|Cr )/B
is transitive, since otherwise the orbits of (Ker(x∗)|Cr )/B(ﬁxG(C)|Cr )/Bwould form a
complete block system of (ﬁxG(C)|Cr )/B. This implies that we may assume without loss
of generality that D′r ⊆ Br,n. Now the action of h on this edge gives all possible edges
between D′ and D′r as required.
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It remains to consider the case when there is just one equivalence class of ≡. Deﬁne an
equivalence relation ≡′ onB by B≡′B ′ if and only if
StabﬁxG(C)/B(B)= StabﬁxG(C)/B(B ′),
and letF be the collection of the unions of the equivalence classes of ≡′. It is not difﬁcult
to see that F is a complete block system of G. As (ﬁxG(C)|C)/B is doubly transitive,
each equivalence class of ≡′ can contain at most one block of B|C for each C ∈ C.
Thus the number of blocks of B in each equivalence class of ≡′ is a divisor of m/t . As
Ker(x)/B=Ker(x′)/B for all x, x′ ∈ Zm/t , we have that x(ﬁxG(C))=(ﬁxG(C)|Cx )/B
is a faithful representation of ﬁxG(C)/B for all x ∈ Zm/t . ByLemma17, the representations
x(ﬁxG(C)) and x′(ﬁxG(C)) are equivalent for all x, x′ ∈ Zm/t . Thus each equivalence
class of≡′ containsm/t blocks ofB. SinceF is a complete block system ofG, and 〈〉G,
the blocks ofF must be the orbits of 〈mk/t 〉. 
Lemma 26. Under Hypothesis 21, suppose that m> 1 and Conditions (1) and (2) do not
hold.Then for every primep|m, there is a complete block systemC that satisﬁes the following
properties:
(1) C  B;
(2) there is no complete block systemB′ for whichB ≺ B′ ≺ C; and
(3) C consists of m/t blocks of size kt, where p|t .
Proof. Let C′ be a complete block system of G consisting of m/r blocks of size rk, that is
minimal with respect to the property that p|r . That is, for any complete block system B′
with B ≺ B′ ≺ C′, pk does not divide the size of the blocks of B′. Such a C′ certainly
exists, since we could choose r =m.
If there is no complete block system B′ for which B ≺ B′ ≺ C′, then we let C = C′
and we are done. So let B′ be a complete block system whose block sizes are as small as
possible while preserving the property thatB ≺ B′ ≺ C′, and say thatB′ consists ofm/t ′
blocks of size kt ′, where t ′> 1. Notice that t ′|r . By our choice of C′, we must have p  t ′.
By Lemma 25, with B′ taking the role of C, there is a complete block system F of G
consisting of t ′ blocks of size mk/t ′.
Let C′′ be the complete block system of G whose blocks are all of the nonempty inter-
sections of blocks ofF with blocks of C′. Since the nonempty intersections of any block
ofF with any block ofB′ consist of single blocks ofB, and since any block is an orbit of
〈i〉 for some i, the nonempty intersections of any block ofF with any block of C′ must
each consist of precisely r/t ′ blocks of B. Hence C′′ consists of t ′ · m/r blocks of size
k · r/t ′. But t ′> 1 and p|r but p  t ′, so p|r/t ′, contradicting our choice of C′. 
Lemma 27. Let k andmbe integers such thatmk is square-free. LetGSmk be a transitive
permutation group that contains a regular cyclic subgroup 〈〉 and admits a complete block
system B with m blocks of size k. If ﬁxG(B) is of order k, ﬁxG(B)C(G), and there
exists no complete block systemF  B such that ﬁxG(F) is semiregular, then one of the
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following is true:
(1) m= 1,
(2) there exists a complete block system D of G such that ﬁxG(D) is not of order |D|,
D ∈ D, and there exists no nontrivial complete block system E of G such that E ≺ D,
or
(3) there exists a prime p|k such thatG(2) admits a complete block systemD′ of n/p blocks
of size p and p2 divides |ﬁxG(2) (D)|.
Proof. By Lemma 26, we may assume that if 2|m, then we can choose C with m/t blocks
of size kt as in Lemma 22, with 2|t . Let F be a complete block system consisting of
t blocks of size mk/t , as found in Lemma 25. Since (ﬁxG(C)|C)/B is doubly transitive
(by Lemma 22) and F is a complete block system, we must have StabﬁxG(C)/B(B) =
StabﬁxG(C)/B(B ′) if and only if there is some F ∈F for which B,B ′ ⊆ F .
Obtain h from Lemma 24. Since h|Cx∗ has at least two ﬁxed blocks, so must h|C for every
C ∈ C. Recall that h(x, y, z)= (x,x(y), z+ bx,y). SinceF is a complete block system,
we must have x = x′ for every x, x′ ∈ Zm/t ; henceforth we will denote this by .
As in the proof of Lemma 25, let D′ be the complete block system of G formed by the
orbits of 〈mk/p〉, let X be a circulant digraph withGAut(X), and letG′Aut(X) be the
largest subgroup of Aut(X) that admits B and D′ as complete block systems. Note again
that G′ is 2-closed.
LetFx∗ ∈F be the block ofF that containsBx∗,y∗ .We now show that eithermk/p|Fx∗ ∈
Aut(X), which will then imply Condition (2) as before, orm/t is even, a contradiction since
2|t and 4 mk.
Suppose that there is an edge e between a vertex of Fx∗ and a vertex of Fr , where Fr ∈F
and Fr = Fx∗ . Arguing as in Lemma 25, we have that there exists D′,D′r ∈ D′, Cr ∈ C
and Br,z ∈ B such that D′ ⊆ Bx∗,y∗ ⊆ Fx∗ , D′r ⊆ Br,z ⊆ Fr , Br,z ⊆ Cr , and there is an
edge e between some vertex of D′ and some vertex of D′r .
We show that every vertex of D′ is adjacent to every vertex of D′r , or that m/t is even.
Suppose there exists u, v ∈ Zm/t such that u = v, (u) = u, (v) = v, and bx∗,u /≡
br,v (mod p). As (ﬁxG(C))|C/B is doubly transitive for C ∈ C, we may assume without
loss of generality that D′ ⊆ Bx∗,u and D′r ⊆ Br,v . Now the action of h on the edge e gives
all possible edges betweenD′ andD′r as required. Thus mk/p|F ∈ G′ as required.We now
assume that no such u and v exist.
Assume for the moment that h|C ﬁxes at least three blocks of B set-wise. Recall that
(y∗) = y∗ and (,∗) = ,∗. As h|C ﬁxes at least three blocks of B set-wise, there exists
n ∈ Zm/t such that (n) = n, y∗ = n = ,∗. As bx∗,y∗ /≡ bx∗,,∗ (mod p), br,n cannot be
congruent modulo p to both. Thus appropriate u and v as above exist. We now assume that
 ﬁxes exactly two blocks set-wise and that no appropriate u and v as above exist.
As
∑t−1
y=0 bx,y ≡ 0 (mod p), for every x ∈ Zm/t , (y∗) = y∗, (,∗) = ,∗ and for
every non-singleton orbit O of  we have that
∑
y∈Obx,y ≡ 0 (mod p), we must have
that bx,y∗ + bx,,∗ ≡ 0 (mod p) for every x ∈ Zm/t . Thus bx∗,,∗ ≡ −1 (mod p), br,y∗ ≡
−1 (mod p), and br,,∗ ≡ 1 (mod p), as otherwise appropriate u and v as above exist.
Let q = r − y∗. Similarly, br+q,y∗ ≡ 1 (mod p) and br+q,,∗ ≡ −1 (mod p) or we may
conjugate h by an appropriate power of  to map r to x∗ and r + q to r, and again obtain
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appropriate u and v as above. Continuing inductively, we have that either appropriate u and
v as above exist or m/t iseven, which as previously mentioned is a contradiction. 
4. Main result
With the results of Sections 2 and 3 established, we are approaching themain result of this
paper. Two more major lemmas and several short technical results are required to complete
the proof.
Lemma 28. Let GSmk be 2-closed and contain a regular cyclic subgroup, 〈〉. If G
admits a nontrivial complete block system B consisting of m blocks of size k such that
ﬁxG(B)|B is primitive and ﬁxG(B) does not act faithfully on B ∈ B, then G=G1 ∩G2,
where G1 =Sr  H1 and G2 = H2 Sk , H1 is a 2-closed group of degree mk/r , H2 is a
2-closed group of order m, and r|m.
Proof. Deﬁne an equivalence relation ≡ on B by B ≡ B ′ if and only if the subgroups
of ﬁxG(B) that ﬁx B and B ′, point-wise respectively, are equal. Denote the equivalence
classes of ≡ by C0, . . . , Cr−1 and let Ei = ∪B∈CiB. By Lemma 14, ﬁxG(B)|EiG for
every 0 ir − 1 and E = {Ei : 0 ir − 1} is a complete block system of G. As E is
a complete block system of G and 〈〉G, E consists of all orbits of some subgroup 〈a〉.
Since ﬁxG(B) is not faithful, we have r > 1. We ﬁrst show that every orbital digraph of G
can be written as a nontrivial wreath product.
Let {, : , ∈ L} be the set of all orbital digraphs ofG. Let e= (i, j) and, be the orbital
digraph ofG that contains the edge e. If i, j ∈ E ∈ E, then, asE is a complete block system
ofG, we have that , is disconnected. Then , is trivially a wreath product and it is easy to
see that Aut(,)Sr, Smk/r, , where r|r,. If i ∈ E and j ∈ E′, E,E′ ∈ E and E = E′,
then let B,B ′ ∈ B such that i ∈ B and j ∈ B ′. As ﬁxG(B)|E′ ∈ Aut(,), we have that
(i, j ′) ∈ E(,) for every j ′ ∈ B ′. As 〈〉G, we also have that (i′, j ′) ∈ E(,) for every
i′ ∈ B and j ′ ∈ B ′. Then , = ′,  K¯k for some ′, a circulant digraph of order m. Thus
every orbital digraph of G can be written as a nontrivial wreath product as claimed.
Now, as G is 2-closed, G = ∩,∈LAut(,). Deﬁne a color digraph D whose underlying
simple graph isKn byV (D)=Zn and eachdirected edge (i, j) is given color ,,where (i, j) ∈
E(,). Note then that Aut(D)=G. Let J ⊆ L such that if l ∈ J , then l is a disconnected
orbital digraph of G such that the vertex set of every component of l is contained in some
E ∈ E. Let D1 be the spanning sub-digraph of D consisting of all edges of D colored with
a color contained in J. Then D1 has r components, so that Aut(D1)=Sr H1, where H1
is permutation isomorphic to Aut(D1[E]), for E ∈ E. ThusH1 is 2-closed of degreemk/r
as H1 is the automorphism group of a color digraph. Let D2 be the spanning sub-digraph
of D given by E(D2) = E(D) − E(D1). As for each , ∈ L − J , we have established
that , = ′l  K¯k , we have that D2 = D′2  K¯k , where D′2 = D2/B. Let KAut(D2)
be the maximal subgroup of Aut(D2) that admits E as a complete block system. Then
K = Aut(D′2) Sk and Aut(D2) ∩ Aut(D1) = K ∩ Aut(D1) as Aut(D1) admits E as a
complete block system.We letH2=Aut(D′2). Let g ∈ G.AsG admitsB andE as complete
block systems, g ∈ Aut(D1) and g ∈ Aut(D2). Conversely, if g ∈ Aut(D1) ∩ Aut(D2),
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then g(e) ∈ E(D) for every e ∈ E(D1) and g(e) ∈ E(D2) for every e ∈ E(D2). As
E(D1)∪E(D2)=E(D), g ∈ Aut(D). ThusG=Aut(D)= (Sr H1)∩ (H2 Sk). Finally,
asB  E, we have that r|m. 
Lemma 29. Let GSmk be 2-closed and contain a regular cyclic subgroup 〈〉. Let B
be a nontrivial complete block system of G with m blocks of size k with the property that
there exists no nontrivial complete block system C of G such that C ≺ B. If |ﬁxG(B)|>k,
then one of the following is true:
(1) G=G1 ∩G2, whereG1 =Sr H1 andG2 =H2 Sk , where H1 is a 2-closed group
of degree mk/r , H2 is a 2-closed group of order m, and r|m; or
(2) there exists a complete block systemB′ of G consisting of k blocks of size m, and there
exists HG such that H is transitive, 2-closed, and 〈〉H = H1 × H2 (with the
canonical action), whereH1Sm is 2-closed andH2Sk is 2-closed and primitive.
Proof. As there exists no nontrivial complete block system C of G such that C ≺ B, it
follows by Lemma 16 that ﬁxG(B)|B is primitive. If ﬁxG(B) does not act faithfully on
B ∈ B, then by Lemma 28 (1) holds. We thus assume that ﬁxG(B) acts faithfully on each
B ∈ B. Deﬁne an equivalence relation ≡′ on Zmk by i≡′j if and only if StabﬁxG(B)(i) =
StabﬁxG(B)(j).
We demonstrate that ﬁxG(B)|B is equivalent to ﬁxG(B)|B ′ for every B,B ′ ∈ B. First,
if ﬁxG(B)|B is doubly transitive and nonsolvable for every B ∈ B, Lemma 17 tells us
that ﬁxG(B)|B is equivalent to ﬁxG(B)|B ′ for every B,B ′ ∈ B. If k were composite,
then by the same argument used in the ﬁrst paragraph of the proof of Lemma 22, since
ﬁxG(B)|B is primitive, ﬁxG(B)|B must be doubly transitive, and since k = 4 ﬁxG(B)|B
must be nonsolvable, and therefore the actions are equivalent by the argument of the previous
sentence. The remaining possibility is that ﬁxG(B)|B is not doubly transitive or is solvable,
and k=p is prime. By Burnside’s Theorem (Theorem 11), ﬁxG(B)|B is doubly transitive if
ﬁxG(B)|B is nonsolvable.We conclude that ﬁxG(B)|B is solvable for every B ∈ B, so that
ﬁxG(B)|BAGL(1, p). Let |ﬁxG(B)|B | = pr , r|(p − 1). Conjugating StabﬁxG(B)(i) by
any element of ﬁxG(B) gives StabﬁxG(B)(i′)for some i′ for which i, i′ ∈ B ∈ B, so if we
can show that StabﬁxG(B)(i) and StabﬁxG(B)(j) are conjugate in ﬁxG(B) whenever i and j
are in different blocks ofB, we will have shown that the actions are equivalent, as desired.
Since AGL(1, p) and hence ﬁxG(B) is solvable, StabﬁxG(B)(i) is in some Hall subgroup
of ﬁxG(B) that is conjugate in ﬁxG(B) to the Hall subgroup that contains StabﬁxG(B)(j).
Since AGL(1, p)/P is cyclic, where P is the Sylow p-subgroup of AGL(1, p), it contains
a unique subgroup of order r. This shows that, in fact, StabﬁxG(B)(i) and StabﬁxG(B)(j)
are conjugate in ﬁxG(B). We conclude that the actions of ﬁxG(B)|B and ﬁxG(B)|B ′ are
equivalent for every B,B ′ ∈ B.
It now follows that each equivalence class of≡′ contains at leastm elements. Furthermore,
since the intersections of equivalence classes of ≡′ with blocks of B are blocks of G, and
there is no nontrivial complete block system C of G with C ≺ B, these intersections must
be trivial blocks. That is, each block ofB contains exactly one element of each equivalence
class of≡′.As conjugation by an element ofG permutes the stabilizers of points inZmk , we
have that the equivalence classes of≡′ form a complete block systemB′ of k blocks of size
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m. As 〈〉G, B′ must be formed by the orbits of 〈k〉. Then ﬁxG(B)G, ﬁxG(B′)G,
and ﬁxG(B) ∩ ﬁxG(B′) = 1. Let H be the internal direct product of H1 = ﬁxG(B′) and
H2 = ﬁxG(B) (so that HﬁxG(B′) × ﬁxG(B)). Then HG. Since (m, k) = 1, m ∈
ﬁxG(B) and k ∈ ﬁxG(B′), we also have 〈〉H .
Now, consider H(2). By Lemma 15, H(2) = ﬁxG(B′)(2) × ﬁxG(B)(2). As HG, H(2)
G. Hence ﬁxH(2) (B)ﬁxG(B) and ﬁxH(2) (B′)ﬁxG(B′). As H(2) = ﬁxG(B′)(2) ×
ﬁxG(B)(2), ﬁxH(2) (B′)=ﬁxG(B′)(2) and ﬁxH(2) (B)=ﬁxG(B)(2). Thus ﬁxG(B)=ﬁxH(2)
(B)ﬁxG(B)(2) so that ﬁxG(B) is 2-closed. Similarly, ﬁxG(B′) is 2-closed. Hence
H(2) = ﬁxG(B′)(2) × ﬁxG(B)(2) = ﬁxG(B)× ﬁxG(B′)=H .
Then (2) follows with the observation that as ﬁxG(B)|B is primitive for every B ∈ B, we
have that H2 is primitive in its action on B ∈ B. 
We now only need technical lemmas before the proof of the main theorem.
Lemma 30. Let HG such that H contains a regular cyclic subgroup. IfB is a complete
block system of H, thenB is a complete block system of G.
Proof. Clearly ﬁxH (B)H . Furthermore, if g ∈ G, then g−1ﬁxH (B)gH .AsH contains
a regular cyclic subgroup, the complete block system B is the unique complete block
system of H with blocks of size |B|, B ∈ B. As g−1ﬁxH (B)gH and has orbits of the
same size as B ∈ B, the orbits of g−1ﬁxH (B)g are the same as those of ﬁxH (B). Hence
g−1ﬁxH (B)g=ﬁxH (B), so that ﬁxH (B)G. Thus the orbits of ﬁxH (B) form the complete
block systemB of G. 
Deﬁnition 31. For a positive integer n, we deﬁneN(n)={x → ax+b : a ∈ Z∗n, b ∈ Zn}.
Note that N(n) is the normalizer of the left regular representation of Zn, and if n is prime,
thenN(n)=AGL(1, n).We let 〈〉 be the cyclic subgroup ofN(n) deﬁned by (x)=x+1.
Lemma 32. Let HN(mk), mk square-free and suppose that H is transitive. If B is a
complete block system of H consisting of m blocks of size k, then 〈m〉 is the unique minimal
subgroup of ﬁxH (B) whose action on any block of B ∈ B is transitive.
Proof. Let k = p1 · · ·pr , where each pi is prime. Note that 〈〉 contains a unique Sylow
pi-subgroup of order pi , 1 ir . Hence for each i,N(mk) (and thusH) admits a complete
block systemCi  B consisting ofmk/pi blocks of sizepi formed by the orbits of 〈mk/pi 〉.
We may thus view N(mk) (and so H) as acting on Zm ×ri=1Zpi in the canonical fashion
by viewing N(mk) as N(m) × ri=1AGL(1, p). Let KﬁxH (B) be such that K|B is
transitive on some B ∈ B and K has no proper subgroup K ′ such that K ′|B is tran-
sitive on some block of B ∈ B. Then for any b ∈ B, K|B is transitive on B. De-
ﬁne i : K → AGL(1, pi) to be projection onto the (i + 1)st -coordinate (viewing
KN(m)×ri=1AGL(1, pi)). Theni (K) is transitive for every 1 ir . Furthermore, as
AGL(1, pi) contains a unique transitive subgroup (namely, its unique Sylow pi-subgroup),
i (K) must contain the unique Sylow pi-subgroup of AGL(1, pi). Now, observe that
i (〈m〉) is also the unique Sylow pi-subgroup of AGL(1, pi) so that i (〈m〉)i (K).
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Suppose that K = 〈m〉. Then there exists 	 ∈ K such that 	 /∈ 〈m〉, and hence for some
1 ir , i (	) /∈i (〈m〉). Let Pi be the unique Sylow pi-subgroup of AGL(1, pi). Then
−1i (Pi)|B is transitive, but 	 /∈−1i (Pi), a contradiction. 
Lemma 33. Let mk be a square-free integer, and let GSmk contain a regular cyclic
subgroup 〈〉G and admit a complete block system B of m blocks of size k such that
ﬁxG(B)N(mk). Then there exists HG such that
(1) 〈〉H ,
(2) ﬁxH (B) is semiregular, and
(3) ﬁxH (B)C(H).
Proof. For convenience, wewill viewG as acting onZm×Zk so that (i, j)=(i+1, j+1),
and the blocks of B are the sets {i} × Zk , where i ∈ Zm. Then 〈m〉ﬁxG(B), and by
Lemma 32, 〈m〉 is the uniqueminimal subgroup of ﬁxG(B)whose action on some block of
B is transitive.We then have that if g ∈ G, then g−1〈m〉g=〈m〉 as g−1〈m〉g is transitive
on some block ofB ∈ B.Whence if g ∈ G, then g(i, j)= (	(i),i (j)), where 	 ∈Sn and
i ∈ N(k). Thus i (j)= ij + bi , where i ∈ Z∗k , bi ∈ Zk . As 〈m〉G, i = i′ for every
i, i′ ∈ Zm.Thus g(i, j) = (	(i), j + bi). Let H = 〈〉G = {g−1,g : g ∈ G, , ∈ Zmk},
the normal closure of 〈〉 in G. As every g ∈ G has the form g(i, j) = (	(i), j + bi), a
straightforward computation will show that if h ∈ H , then h(i, j)= ((i), j + ci),  ∈Sm,
ci ∈ Zk . Clearly  ∈ H so that (1) follows. Furthermore, elements of 〈m〉 are the only
elements of ﬁxG(B) of the form (i, j) → ((i), j + bi), so that ﬁxH (B) = 〈m〉 and (2)
follows. As m(i, j)= (i, j + c), for some c ∈ Zk , it is now easy to see that m commutes
with every element of H so that 〈m〉C(H) and (3) follows. 
Lemma 34. LetGSmk ,mk square-free withHG such that 〈〉H is a regular cyclic
subgroup. Assume that H admits a complete block system B of m blocks of size k. If
ﬁxH (B)N(mk), then ﬁxG(B)N(mk).
Proof. By Lemma 30, B is also a complete block system of G. Let g ∈ ﬁxG(B). Then
g−1g−1/B= 1 so that g−1g−1 ∈ ﬁxG(B). Furthermore,  ∈ H so that g−1g ∈ H .
Whence g−1g−1 ∈ ﬁxH (B)N(mk). As −1 ∈ N(mk), we have that g−1g ∈ N(mk)
and 〈g−1g〉 is transitive. By Lemma 32, we have that g−1g ∈ 〈〉 so that g ∈ N(mk) as
required. 
Theorem 35. Let mk be a square-free integer and GSmk be 2-closed and contain a
regular cyclic subgroup, 〈〉. Then one of the following is true:
(1) G=G1 ∩G2, whereG1 =Sr H1 andG2 =H2 Sk , where H1 is a 2-closed group
of degree mk/r , H2 is a 2-closed group of order m, and r|m; or
(2) there exists a complete block systemB of G consisting of m blocks of size k, and there
exists HG such that H is transitive, 2-closed, and 〈〉H = H1 × H2 (with the
canonical action), where H1Sm is 2-closed and H2Sk is 2-closed and
primitive.
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Proof. Choose k as large as possible so that there existsHG such that 〈〉H , ﬁxH (B)
is semiregular of order k, where B is a complete block system consisting of m blocks of
size k, and 〈m〉C(H). Suppose that there exists a complete block system C withB ≺ C
and H ′H such that 〈〉H ′ and ﬁxH ′(C) is semiregular of order, say k′, where k|k′.
Note then that ﬁxH ′(C)= 〈mk/k′ 〉N(mk). By Lemma 34, ﬁxH (C)N(mk), and again
by Lemma 34, ﬁxG(C)N(mk). But then by Lemma 33 there exists H ′′G such that
〈〉H ′′, ﬁxH ′′(C) is semiregular, and ﬁxH ′′(C) = 〈mk/k′ 〉C(H ′′), contradicting our
original choice of k. Hence if C  B and H ′H with 〈〉H ′, then ﬁxH ′(C) is not
semiregular.
We have now established the conditions of Lemma 27 for the group H, which allows us
to conclude one of the following:
(1) m= 1;
(2) there exists a complete block system D of H such that ﬁxH (D) is not of order |D|,
D ∈ D, and there exists no nontrivial block system E of H such that E ≺ D; or
(3) there exists a prime q|k such that H(2) admits a complete block system D′ of mk/q
blocks of size q and q2 divides |ﬁxH(2) (D′)|.
In the ﬁrst case, we have just one trivial block, so ﬁxG(B)=G= 〈〉 and conclusion (2)
of this theorem is true (possibly vacuously if mk = k is prime).
In the second case, by Lemma 30, D is a complete block system of G. Since H has no
nontrivial complete block system E such that E ≺ D and every complete block system of
G is also a complete block system of H, G has no nontrivial complete block system E such
that E ≺ D. Thus |ﬁxG(D)|> |D|, D ∈ D. Now by Lemma 29, one of the conclusions of
this theorem holds.
In the third case, since G is 2-closed and HG, we have H(2)G, so q2 divides
|ﬁxG(D′)|. SinceﬁxH (D′)ﬁxH (B)=〈m〉N(mk), Lemma34givesﬁxG(D′)N(mk),
a contradiction. 
This is themain result that was described in the abstract.Asmentioned in our introductory
remarks, we can determine more precisely which groups satisfy (2) of Theorem 35.
For a positive integer n, letM(n)= {x → ax : a ∈ Z∗n}.
Corollary 36. Let G be a 2-closed group of square-free degree mk that contains a regular
cyclic subgroup 〈〉, such that there exists HG such that H is transitive, 2-closed, and
there exists a complete block system B of G consisting of m blocks of size k, such that
H = H1 × H2 (with the canonical action), where H1Sm is 2-closed and H2Sk is
2-closed and primitive. Then there exists AM(mk) such that G= A ·H .
Proof. We must show that g = rh, where h ∈ H and r ∈ M . As Zmk is a CI-group with
respect to binary relational structures [24] and 〈〉= (Zmk)LH , there exists h1 ∈ H such
that h−11 g−1〈〉gh1= 〈〉. Thus gh1= ∈ N(mk). Let (i)= ai + b, a ∈ Z∗mk , b ∈ Zmk .
Deﬁne h2 : Zmk → Zmk by h2(i) = i − a−1b. Then gh1h2(i) = ai, where a ∈ Z∗mk . Let
r ∈ M(n) such that r(i)= ai. Then gh1h2= r so that g= rh−12 h−11 , and the result follows.

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